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8. Motion of a particle (1)

If a moving particle P has cartesian coordinates (x, y) its po-
sition vector is r = xi + yj where both x and y are functions
of time, t. Since i and j are constant vectors, it follows, by
differentiating, that its velocity and acceleration vectors are
v = ṙ = ẋi + ẏj and a = r̈ = ẍi + ÿj. Here the dot ·
denotes a derivative with respect to t. In polar coordinates
(r, θ), x = r cos θ and y = r sin θ. Define unit vectors radially
and tangentially as er and eθ. Then

er = cos θi + sin θj eθ = − sin θi + cos θj

ėr = − sin θ θ̇i + cos θ θ̇j = θ̇ eθ

ėθ = − cos θ θ̇i − sin θ θ̇j = −θ̇ er

It then follows that

r = rer

ṙ = ṙer + rθ̇eθ

r̈ = (r̈ − rθ̇2)er + (rθ̈ + 2ṙθ̇)eθ

θ̇ is the angular velocity, ω.
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Simple Harmonic Motion (SHM):

The motion of a body under the influence of a restoring
force proportional to displacement is called Simple Har-
monic Motion (SHM).

www.mathcentre.ac.uk c© mathcentre 2009



mathcentre Mechanics Facts and Formulas - Large print version - section: 7 of 11

For the one-dimensional motion of a point mass, m, as in a
mass-spring oscillator, the force is given by −kx , where k is
the spring constant and x is the displacement from equilib-
rium; the equation of SHM is

−kx = m
d2x

dt2

or
d2x

dt2
+ ω2x = 0

where ω2 = k/m. E
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The solution of this equation is

x(t) = C cos ωt + D sin ωt = A cos(ωt + ǫ)
for arbitrary constants C and D, and so

v(t) = −ωA sin(ωt + ǫ)

It follows that v2 = ω2(A2−x2). Here t is time, the amplitude,
A, is the maximum value of |x|, v is the velocity, and ǫ is the
initial phase angle. The period, τ , is the time for a complete
oscillation. The frequency, f , is the number of oscillations

per unit time. ω is the angular frequency given by ω =
2π

τ
=

2πf =

√

k

m
. The graph shows x(t) for the case ǫ = 0.

The initial position of the particle is its maximum positive
displacement.

The maximum speed occurs when
x = 0, i.e. at the centre of the os-
cillation. The acceleration is max-
imum when the displacement x is
maximum.
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