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Sometimes the integral of an algebraic fraction can be fourlwy rst expressing the algebraic
fraction as the sum of its partial fractions. In this unit we W illustrate this idea. We will see
that it is also necessary to draw upon a wide variety of otheedhniques such as completing the
square, integration by substitution, using standard formand so on.

In order to master the techniques explained here it is vitdldt you undertake plenty of practice
exercises so that they become second nature.

After reading this text, and/or viewing the video tutorial @ this topic, you should be able to:

integrate algebraic fractions by rst expressing them in pidal fractions

integrate algebraic fractions by using a variety of other ¢aniques
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1. Introduction

In this section we are going to look at how we can integrate senalgebraic fractions. We will be
using partial fractions to rewrite the integrand as the sumf@impler fractions which can then be
integrated separately. We will also need to call upon a widariety of other techniques including
completing the square, integration by substitution, integtion using standard results and so on.

Examples of the sorts of algebraic fractions we will be integing are

X _ 1 1 and x3
(2 x)(3+x)’ X2+ x+1' (x 1)3(x+1) X2 4

Whilst super cially they may look similar, there are impaaint di erences. For example, the

denominator of the rst contains two linear factors. The seond has an irreducible quadratic
factor (i.e. it will not factorise), and we consider how to dal with this case in the second video
on Integrating by Partial Fractions. The third example coains a factor which is repeated. The
fourth is an example of an improper fraction because the degrof the numerator is greater than
the degree of the denominator. All of these factors are imgant in selecting the appropriate

way to proceed.

It is also important to consider thedegree of the numerator and of the denominator. For
instance, if we consider the third example, then the degreéits denominator is 3, because when
we multiply out(x 1)?(x+1) the highest power ofx is x3. Also, the degree of the numerator is
zero, because we can think of 1 ai&°. So the degree of the numerator is less than the degree
of the denominator, and that is the case for the rst three of he examples. We call fractions
like theseproper fractions. On the other hand, in the nal example, the degreef the numerator

is 3 whereas the degree of the denominator is 2. This is calladimproper fraction.

w Key Point

The degree of a polynomial expressionnis the highest power ok appearing in the expressio
An algebraic fraction where the degree of the numerator isstethan the degree of the denom
inator is called aproper fraction. If the degree of the numerator is greater than, orcual to,
the degree of the denominator then the fraction is aimproper fraction.

2. Some preliminary results

To understand the examples which follow you will need to usariwus techniques which you
should have met before. We summarise them brie y here, butyshould refer to other relevant
material if you need to revise the details.
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Partial fractions

A linear factor, ax + b in the denominator gives rise to a partial fraction of the fon = b

B
+ .
+b (ax+ b)?
AX + B
ax2+ bx+ ¢’

Repeated linear factors(ax + b)? give rise to partial fractions of the formax

A quadratic factor ax? + bx+ c gives rise to a partial fraction of the for

Integration - standard results

Z £9%) Z
mdlenjf(x)ﬁc e.g. X+1dx:Injx+1j+c;
Z
1 1 1 X
———dx = —tan “—+ C:
a2 + x2 a a
Integratign - substitution
] . .
To nd de, substituteu=x 1, du= g—i dx to give
Z Z
1 dx = 1du
2 - 112
(x 1) 2 U
= u 2du
= u'l+c
— 1 + C .
T oox 17

3. Algebraic fractions with two linear factors

In this section we will consider how to integrate an algebcairaction which has the form of a
proper fraction with two linear factors in the denominator.

Example g

Suppose we want to nd 7

Hant 7., try

e practice o

7 @ ST,
ke 2his ope 7 22

X dx:
(2 xX)(x+3)

Note that the integrand is a proper fraction (because the dege of the numerator is less than
the degree of the denominator), and also that the denominattas two, distinct, linear factors.
Therefore the appropriate form for its partial fractions is

Click 2he s730x -

develisped 2h,

X _ A N B
2 x)(x+3) (2 x) (x+3)
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where A and B are constants which we shall determine shortly. We add thedwerms on the
right-hand side together again using a common denominator:

X _ A N B
2 x)(x+3) (2 x) (x+3)
A(x+3)+ B(2 x).
2 x)(x+3)

Because the fraction on the left is equal to that on the rightdr all values ofx, and because their
denominators are equal, then their numerators too must be . So, from just the numerators,

x=AKX+3)+ B(2 x): Q)

We now proceed to nd the values of the constant®\ and B. We can do this in one of two
ways, or by mixing the two ways. The rst way is to substitute articular values forx. The
second way is to separately equate coe cients of constant tens, linear terms, quadratic terms
etc. Both of these ways will be illustrated now.

Substitution of particular values forx

Because expression (1) is true for all values nfwe can substitute any value we choose far.
In particular, if we letx = 2 the second term on the right becomes zero, and everything ko
simpler:

2=A(2+3)+0
from which 5A =2 and so
A= 2.
g

Similarly, substitutingx = 3 in expression (1) makes the rst term zero:

3=5B
from which
B= o
z
Thus the partial fractions are
X 2 3

2 N)(x+3) 52 x) 5x+3)"

Both of the terms on the right can be integrated:

z 2 3 z 1 3Z 1
dx =

52 X) 5(x+3) 5

> x™ 5 x33™

N O N

3
= —=Inj2 xj =Injx+3j+c:
5 J J 5 J J
Note that in the rst of the two integrals, we have set the numeator to be 1 and compensated

for this by writing a minus sign outside the integral. We haw#one this because the derivative
of 2 xis 1, so that the integral is in a standard form. So by using partifractions we have

broken down the original integral into two separate integisawhich we can then evaluate.
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Equating coe cients

A second technique for ndingA andB is to equate the coe cients of equivalent terms on each
side. First of all we expand the brackets in Equation (1) analtect together like terms:

AX+3A+2B Bx
(A B)x+3A+2B:

X

Equating the coe cients of x on each side:
1=A B: 2)
Equating constant terms on each side of this expression give
0=3A+2B: 3)

These are two simultaneous equations we can solve to & and B. Multiplying Equation (2)
by 2 gives
2=2A 2B: (4)

Now, adding (3) and (4) eliminates theB's to give
2=5A

. 2 2 3. : .
from which A = c Also, from (2), B = A 1 E 1= — just as we obtained using the

method of substituting speci ¢ values forx. Often you will nd that a combination of both
techniques is e cient.
21re pracdice

Example g
Z 2 Yo 2his ope B

Suppose we want to evaluate

Hant 7., try

Fiestions

———dx.
1 X(X + 1) Click Zhe S7HCK ),
Note again that the integrand is a proper fraction and also & the denominator has two, distinct,
linear factors. Therefore the appropriate form for its paral fractions is
3 _A N B
x(x+1) x (x+1)

<54 FEI140

where A and B are constants we need to nd. We add the two terms on the righttand side
together again using a common denominator.

3 3 é+ B

X(x +1) X (x+1)
A(x+1)+ Bx
X(x+1)

Because the fraction on the left is equal to that on the rightdr all values ofx, and because their
denominators are equal, then their numerators too must be . So, from just the numerators,

3=A(x+1)+ Bx:
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If we substitute x = 0 we can immediately ndA:
3=A0+1)+ B(0)

so that A = 3.
If we substitutex = 1we nd B:

3=A( 1+1)+ B( 1)
sothatB = 3. Then

i _3 dx = “ 3 3 dx
1 X(x+1) 1 X x+1
= BInjxj 3Injx+1j}
= (BIn2 3In3) (BInl1 3In2)
= 6In2 3In3
26
= In ¥
= ;n
27
Exercises 1
1. Fi'nd each of the following int%grals by expressing the d:grafd in partial fractions.
@) L & X & (0 K2 gy
(x+2)(x+1) (2x+3)(x 4) x 1x+7)

4. Algebraic fractions with a repeated linear factor

When the denominator contains a repeated linear factor camsust be taken to use the correct
form of partial fractions as illustrated in the following eemple.

Example g
Lt oo, 2y

IOl .
. Practice o, ::
Z 1 e this o o¥ 2Tions

x D i
In this Example there is a repeated factor in the denominatorhis is because the fagtox 1
appears twice, as ir(x  1)%. We write et gy g
1 A B C
x 12x+1)  x 15 (x 1F x+1

A(x 1)(x+1)+ B(x+1)+ C(x 1)

(x  1p(x+1) '
As before, the fractions on the left and the right are equal fall values ofx. Their denominators
are equal and so we can equate the numerators:

1=A(x 1(x+1)+ B(x+1)+ C(x 1)%: (1)
Substituting x = 1 in Equation (1) givesl = 2B, from whichB = %
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Substituting x = 1 givesl = 4C from which C = %1.

Knowing B and C, substitution of any other value forx will give the value ofA. For example, if
we letx =0 we nd
1= A+B+C

and so 11
1= A*3%y
from which A = %1. Alternatively, we could have expanded the right-hand sideEquation (1),

collected like terms together and equated coe cients. Thisvould have yielded the same values
for A, B andC.

The integral becomes
z z

1 1 1 1
dx = + +
(x 1)2(x+1) 4x 1) 2(x 1) 4(x+1)
= }In'x 1 ;+}In'x+1'+0'
S R T R R O

Using the laws of logarithms this can be written in the follang alternative form if required:

X+1 1

1
— | + C:
2" % 1 2x 1 ¢
Exercises 2
1. Iptegrate each of the followingzby expressing the integra in partial fractions.
1 2x+1 X+1
@) dx (b) dx (c) ——=adx.

(x+3)%(x 1) (X +2)2(x +1) X(x 7)?
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5. Dealing with improper fractions

When the degree of the numerator is greater than or equal toehdegree of the denominator
the fraction is said to be improper. In such cases it is rst messary to carry out long division
as illustrated in the next Example.

Examzple g
3

X
dx.
4

Find 2

The degree of the numerator is greater than the degree of theumerator. This fraction is
therefore improper. We can divide the denominator into theumerator using long division of
fractions:

X
x2 4 x3
x3  4x
4x
so that

x3 4x
=X+ .

X2 4 X2 4

Note that the denominator of the second term on the right handide is thedi erence of two
squares and can be factorised ag? 4= (x 2)(x+2). So,

ax 4x _ A N B
X2 4 (X 2)(x+2) X 2 x+2
A(x+2)+ B(x 2).

(x  2)(x+2)

As before, the fractions on the left and on the right are equébr all values ofx. Their denom-
inators are the same, and so too must be their numerators. S wequate the numerators to
give

I = Ax+2)+ B(x 2):
Choosingx =2 we nd 8 = 4A so that A = 2. Choosingx = 2 gives 8 = 4B so that
B = 2. So with these values oA and B the integral becomes

Z Z
x3 dx = « 4 2 N 2
x2 4 - X 2 X+2
2

X?+2Injx 2j+2Injx+2j+c:
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Exercises 3

1. Use long division and partial fractions to nd the followig integrals.

z z
+1 2+3x+3
(@ ——dx () X7
7 1 x 7 Xx+1
© 7 6dx d 7x2 + 16x% 19dx
x 1 X2+2x 3

Miscellaneous additional exercises like these, to enable
you to practice integration by partial fractions when
the integrand is an improper fraction, are available on4din
courtesy of Dr Chris Sangwin and the STACK system:

randomly generated questions
automatic marking

feedback and full solutions available.

Simply follow the link by clicking theSTACK g

or go directly to
http://stack.bham.ac.uk/worksheets/worksheets.php?dkey=CR-Int-15-partialfrac-9

Answers

Exercises 1

1. (@) Injx+1j Injx+2j+c (b) SInNj2x+3j+ LInjx 4+c () 2Injx
Zlnjx+7j+c.

Exercises 2

1 1 11 N 11
4(x+3)2 16x+3 16x 1’
the integral is} E Injx + j) + 1—16Injx 1j+ C

1. (a) the partial fractions are:

1
4x+3 16
, 1 1
(x+2)2 x+2 x+1’

(b) the partial fractions are

. : 3 . . : ,
the integral is > +Injx+2j] Injx+1j+ C.

(c) the partial fractions are + 8 1 .
g 4% T(x 72 49x T7)
. 1 1 _
el o 4 + C.
the integral is 49|anj 7T 49Injx 7+ C
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Exercises 3

1. (a) the partial fractions are X x—l;
2

the integral is % Injx 1j+ C.

b) the partial fractions arex + 2 + X
() the parial f 1

the integral is% +2x+Injx+1j+ C.

(c) the partial fractions are 7 + < 1;
the integral is7x +In jx 1j + C.
+ —1 :
. . . . .+ 3 . X l
the integral is7x +In jx +3j+In jx 1j+ C.

(d) the partial fractions are7 + »

Hundreds of additional miscellaneous exercises to enable
you to practiceintegration by partial fractions are avail-
able on-line courtesy of Dr Chris Sangwin and the STACK
system:

randomly generated questions
automatic marking

feedback and full solutions available.

Simply follow the link by clicking theSTACK g

or go directly to
http://stack.bham.ac.uk/worksheets/worksheets.php?dkey=CR-Int-15-partialfrac
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